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ON QUASISYMMETRY OF QUASICONFORMAL MAPPINGS
AND ITS APPLICATIONS
M. HUANG, S. PONNUSAMY †, A. RASILA, AND X. WANG ††
Abstract. Suppose that f : D → D′ is a quasiconformal mapping, where D and
D′ are domains in Rn, and that D is a broad domain. Then for every arcwise con-
nected subset A in D, the weak quasisymmetry of the restriction f |A : A→ f(A)
implies its quasisymmetry, and as a consequence, we see that the answer to one
of the open problems raised by Heinonen from 1989 is affirmative under the addi-
tional condition that A is arcwise connected. As an application, we establish nine
equivalent conditions for a bounded domain, which is quasiconformally equivalent
to a bounded and simply connected uniform domain, to be John. This result is a
generalization of the main result of Heinonen from [15].
1. Introduction and main results
Quasisymmetric maps originate from the work of Beurling and Ahlfors [5], who
defined them as the boundary values of quasiconformal self-maps of the upper half-
plane onto the real line. Since then this concept has proved to be very useful,
and it has played a significant role, e.g., in the work of Sullivan [33]. The general
definition of quasisymmetry is due to Tukia and Va¨isa¨la¨, who introduced the general
class of quasisymmetric maps in [34], and it has been studied by numerous authors
thereafter, see for example [4, 7, 8, 17, 18, 35, 37].
In this paper, we study the quasisymmetry of quasiconformal mappings in Rn and
certain applications of this property. Motivation for this study arises from one of
Heinonen’s open problems together with the main result, namely, Theorem 3.1 of
[15]. We now recall a result of Heinonen, which is a generalization of a result of
Va¨isa¨la¨ [40, Theorem 2.20].
Theorem A. ([15, Theorem 6.1]) Suppose that f : D → D′ is a K-quasiconformal
mapping, where D and D′ are bounded domains in Rn, and that D is ϕ-broad. If
A ⊂ D is such that f(A) is b-LLC2 with respect to δD′ in D
′, then the restriction
f |A : A → f(A) is weakly H-quasisymmetric in the metrics δD and δD′ with H
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depending only on the data
ω =
(
n,K, b, ϕ,
δD(A)
dD(x0)
,
δD′(f(A))
dD′(f(x0))
)
,
where x0 is some fixed point in A and dD(x0) (resp. δD(A)) denotes the distance
from x0 to the boundary ∂D of D (resp. δD-diameter of A).
As a converse to Theorem A, Heinonen and Na¨kki [19] further obtained the result
below.
Theorem B. ([19, Lemma 8.3]) Suppose that f : D → D′ is a K-quasiconformal
mapping, where D and D′ are proper domains in Rn, and that D′ is ϕ-broad. If
A ⊂ D is arcwise connected and f |A : A → f(A) is weakly H-quasisymmetric in
the metrics δD′ and δD, then A is b-LLC2 with respect to δD in D, where b depends
only on the data
̟ = (n,K, ϕ,H).
In [40], Va¨isa¨la¨ proved that every weak quasisymmetry f : X → Y is quasisym-
metric provided that both X and Y are HTB metric spaces and that X is arcwise
connected (see [34] for the definition of HTB spaces). Heinonen pointed out in
[15] that this amenable HTB-criterion is not automatically satisfied as there are
domains which are LLC2 with respect to δD, but which are not HTB. Hence,
Heinonen asked whether the condition “weakly” in Theorem A is redundant or not
(see the paragraph next to the statement of [15, Theorem 6.5]). In this paper, we
first study this problem. Our result is the following.
Theorem 1. Suppose that f : D → D′ is a K-quasiconformal mapping, where D
and D′ are domains in Rn, and that D is ϕ-broad. For an arcwise connected set A
in D, if the restriction f |A : A→ f(A) is weakly H-quasisymmetric in the metrics
δD and δD′, then f |A : A → f(A) is η-quasisymmetric in the metrics δD and δD′
with η depending only on the data
µ = (n,K,H, ϕ).
The next result easily follows from Theorems 1, A and B together with Remark
2 given in Section 2.
Corollary 1. Suppose that D and D′ are bounded domains in Rn, that f : D → D′
is a K-quasiconformal mapping, where D is a ϕ-broad domain, and that A is an
arcwise connected subset of D. Then the following statements are equivalent.
(1) f |A : A→ f(A) is η-quasisymmetric in the metrics δD and δD′;
(2) f(A) is b-LLC2 with respect to δD′ in D
′;
(3) f |A : A→ f(A) is weakly H-quasisymmetric in the metrics δD and δD′,
where b, H and η depend on each other and the data
u =
(
n,K, ϕ,
δD(A)
dD(x0)
,
δD′(f(A))
dD′(f(x0))
)
,
and x0 is a fixed point in A.
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Remark 1. (1) The equivalence of (1) and (2) in Corollary 1 shows that the
answer to Heinonen’s problem mentioned as above is affirmative when the
set A is arcwise connected;
(2) The equivalence of (2) and (3) in Corollary 1 shows that the converse of
Theorem A is also true when the set A is arcwise connected.
In [15], Heinonen studied the quasiconformal mappings of the unit ball B in Rn
onto John domains D in Rn. The main results of [15] provide nine equivalent
conditions for a bounded domain D, which is quasiconformally equivalent to B, to
be John, see [15, Theorem 3.1]. In addition, Heinonen specially pointed out that
the requirement that “D is quasiconformally equivalent to B” in [15, Theorem 3.1]
cannot be replaced, e.g., by the requirement that “D is homeomorphic to B” or “D
is a Jordan domain”. In this paper, we shall further refine this result. Based on
Theorem 1, we shall actually prove Theorem 2 below, which shows that the ball “B”
in the requirement that “D being quasiconformally equivalent to B” in [15, Theorem
3.1] can be replaced by “a bounded and simply connected uniform domain”. Note
that every ball in Rn is a bounded and simply connected uniform domain. To state
the result, we first recall some notations.
Suppose D is a bounded and simply connected c-uniform domain. For x ∈ D, we
use Φ(x) to denote the set of all components I(x) in the intersection B(x, 8cdD(x))∩
∂D such that diam(I(x)) ≥ dD(x), where “diam” means “diameter”. Obviously,
Φ(x) 6= ∅ for each x ∈ D, but it is possible that Φ(x) contains only one element.
Theorem 2. Suppose that D and D′ are bounded domains in Rn, that f : D → D′
is a K-quasiconformal mapping, that f : D → D′ is continuous, and x0 ∈ D. If D is
a simply connected c-uniform domain, then the following statements are equivalent.
(1) D′ is a b-John domain with center f(x0);
(2) D′ is ϕ-broad;
(3) f : (D, δD)→ (D
′, δD′) is η-quasisymmetric;
(4) For x ∈ D and each I(x) ∈ Φ(x), diam
(
f(I(x))
)
≤ b1dD′(f(x));
(5) For x, w ∈ D, if |x− w| ≤ 8cdD(x), then δD′(f(x), f(w)) ≤ b2dD′(f(x));
(6) For x, w ∈ D, if |x− w| ≤ 8cdD(x) and dD(w) ≤ 2cdD(x), then
af (w) ≤ b3af(x)
( dD(x)
dD(w)
)1−α
;
(7) For all components P ⊂ Q, where P ∈ Φ(x) and Q ∈ Φ(w),
diam(f(P ))
diam(f(Q))
≤ b4
(diam(P )
diam(Q)
)α
for x, w ∈ D (here the case x = w is included);
(8) D′ is b5-LLC2;
(9) D′ is b6-LLC2 with respect to δD′;
(10) f : (D, δD)→ (D
′, δD′) is weakly H-quasisymmetric,
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where the constants b, b1, b2, b3, b4, b5, b6, α, H and the functions ϕ, η depend only
on each other and the data
v =
(
n,K, c,
diam(D)
dD(x0)
,
diam(D′)
dD′(f(x0))
)
.
This paper is organized as follows. In Section 2, we shall introduce necessary
notations, and recall some preliminary results. We shall prove Theorem 1 and
Theorem 2 in Section 3 and 4, respectively. The proofs are mainly based on the
properties of the conformal modulus of a curve family.
2. Preliminaries
2.1. Notation. Throughout the paper, we always assume that D and D′ are do-
mains in Rn, n ≥ 2, and f : D → D′ includes the assumption that f is a
homeomorphism from D onto D′. Also we use B(x0, r) to denote the open ball
{x ∈ Rn : |x − x0| < r} centered at x0 with radius r > 0. Similarly, for the
closed balls and spheres, we use the notations B(x0, r) and S(x0, r), respectively. In
particular, we use B to denote the unit ball B(0, 1) and S its boundary.
For convenience, in what follows, we always assume that x, y, z, . . . are points in
D and the primes x′, y′, z′, . . . denote the images of x, y, z, . . . in D′ under f , respec-
tively. Also we assume that α, β, γ, . . . are curves in D and the primes α′, β ′, γ′, . . .
denote the images of α, β, γ, . . . in D′ under f , respectively. For a set A in D, A′
denotes the image of A in D′ under f .
2.2. John domains and uniform domains. John [24], Martio and Sarvas [30]
were the first who studied John domains and uniform domains, respectively. There
are many alternative characterizations for uniform and John domains, see [9, 10, 12,
27, 29, 42, 43, 44, 45, 46]. The importance of these two classes of domains in the
function theory is well documented, see [10, 27, 31, 38]. Moreover, John domains and
uniform domains in Rn have numerous geometric and function theoretic features,
which are useful in many areas of modern mathematical analysis, see [1, 3, 9, 12, 14,
22, 23, 25, 26, 28, 38, 45]. From the various equivalent characterizations, we adopt
the following definitions.
Definition 1. A domain D in Rn is said to be c-uniform if there exists a constant c
with the property that each pair of points z1, z2 in D can be joined by a rectifiable
arc γ in D satisfying (cf. [30, 42])
(1) min
j=1,2
ℓ(γ[zj, z]) ≤ c dD(z) for all z ∈ γ, and
(2) ℓ(γ) ≤ c |z1 − z2|,
where ℓ(γ) denotes the arc length of γ, γ[zj , z] the part of γ between zj and z. Also
we say that γ is a double c-cone arc.
A domain D in Rn is said to be a c-John domain if it satisfies the condition (1)
in Definition 1, but not necessarily (2). In this case, γ is called a c-cone arc.
Definition 2. A domain D in Rn is said to have the c-carrot property with center
x0 ∈ D if there exists a constant c with the property that for each point z1 in D, z1
On quasisymmetry of quasiconformal mappings and its applications 5
and x0 can be joined by a rectifiable arc γ in D satisfying (cf. [31, 40])
ℓ(γ[z1, z]) ≤ c dD(z)
for all z ∈ γ. Also we say that γ is a c-carrot arc.
A domain D in R
n
is said to be a c-John domain with center x0 in D if it has the
c-carrot property with center x0 ∈ D.
Definition 2 is often referred to as the “arc length” definition for the carrot prop-
erty (resp. John domains). When the word “arc length” in Definition 2 is replaced
by “diameter”, then it is called the “diameter” definition for the carrot property
(resp. John domains). The following result reveals the close relationship between
these two definitions.
Theorem C. ([31]) The “arc length” definition for the carrot property or John
domains is quantitatively equivalent to the “diameter” one with the same center.
Also the following result concerning the equivalence of the definitions for John
domains in Definitions 1 and 2 is due to Va¨isa¨la¨.
Theorem D. ([40, Lemma 2.4]) The definitions for John domains in Definitions 1
and 2 are quantitatively equivalent for bounded domains.
2.3. Quasihyperbolic metric, solid arcs and linearly locally connected sets.
Let γ be a rectifiable arc or path inD. Then the quasihyperbolic length of γ is defined
to be the number ℓkD(γ) given by (cf. [13])
ℓkD(γ) =
∫
γ
|dz|
dD(z)
.
For z1, z2 in D, the quasihyperbolic distance kD(z1, z2) between z1 and z2 is defined
in the usual way:
kD(z1, z2) = inf ℓkD(γ),
where the infimum is taken over all rectifiable arcs γ joining z1 to z2 in D. An
arc γ from z1 to z2 is called a quasihyperbolic geodesic if ℓkD(γ) = kD(z1, z2). Each
subarc of a quasihyperbolic geodesic is obviously a quasihyperbolic geodesic. It is
known that a quasihyperbolic geodesic between two points in D always exists (cf.
[12, Lemma 1]). Moreover, for z1, z2 in D, we have (cf. [42, 48])
kD(z1, z2) ≥ inf
γ
log
(
1 +
ℓ(γ)
min{dD(z1), dD(z2)}
)
(2.1)
≥ log
(
1 +
|z1 − z2|
min{dD(z1), dD(z2)}
)
≥
∣∣∣ log dD(z2)
dD(z1)
∣∣∣,
where γ denote rectifiable curves joining z1 and z2 in D. In particular, it follows
that for every quasigeodesic γ in D joining z1 to z2,
kD(z1, z2) ≥ log
(
1 +
ℓ(γ)
min{dD(z1), dD(z2)}
)
.(2.2)
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Furthermore, if |z1 − z2| ≤ dD(z1), then we have (cf. [41, 47])
(2.3) kD(z1, z2) ≤ log
(
1 +
|z1 − z2|
dD(z1)− |z1 − z2|
)
.
The following characterization of uniform domains by the quasihyperbolic metric
is useful for our discussions.
Theorem E. ([47, 2.50 (2)]) A domain D ⊂ Rn is c-uniform if and only if there
is a constant µ1 such that for all x, y ∈ D,
kD(x, y) ≤ µ1 log
(
1 +
|x− y|
min{dD(x), dD(y)}
)
,
where µ1 = µ1(c) which means that µ1 is a constant depending only on c.
This form of the definition of uniform domains is due to Gehring and Osgood
[12]. As a matter of fact, in [12, Theorem 1], there was an additive constant in the
inequality of Theorem E, but it was shown by Vuorinen in [47, 2.50(2)] that the
additive constant can be chosen to be zero.
Next, we recall a relationship between the quasihyperbolic distance of points in
D and the one of their images in D′ under a quasiconformal mapping.
Theorem F. ([12, Theorem 3]) Suppose f : D → D′ is a K-quasiconformal map-
ping. Then for z1, z2 ∈ D,
kD′(z
′
1, z
′
2) ≤ µ2max
{
kD(z1, z2), (kD(z1, z2))
1
µ2
}
,
where µ2 = µ2(n,K) ≥ 1.
Definition 3. Suppose that A ⊂ D and b ≥ 1 is a constant. We say that A is
b-LLC2 (resp. b-LLC2 with respect to δD) in D if for all x ∈ A and r > 0, the points
in A\B(x, br) (resp. A\BδD(x, br)) can be joined in D\B(x, r) (resp. D\BδD(x, r)),
where
BδD(x, r) = {z ∈ D : δD(z, x) < r}.
If A = D, then we say that D is b-LLC2 (resp. b-LLC2 with respect to δD).
2.4. Moduli of families of curves. Suppose that G is a domain in Rn, that E
and F are two disjoint continua in G, and that Mod (E, F ;G) denotes the usual
conformal modulus of the family of all curves joining E and F in G. For a family
of curves Γ in G, we always use Mod (Γ) to denote the conformal modulus of Γ [36].
The following related results are useful for us. The first result is from [20, p. 397]
or the combination of [36, §11.9], [47, Lemmas 2.39 and 2.44] and [48, §7].
Theorem G. Suppose n ≥ 2. Then there exist decreasing homeomorphisms φn,
ψn : (0,∞)→ (0,∞) such that
φn(t) ≤ Mod (E, F ;R
n) ≤ ψn(t),
where t = dist(E,F )
min{diamE,diamF}
and “dist” means “distance”.
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Theorem H. ([11, Theorem 4.15] and [20, p. 397]) Suppose that G ⊂ Rn is a
c-uniform domain. Then
Mod (E, F ;Rn) ≤ µ4Mod (E, F ;G)
for every pair of disjoint continua E and F in G, where µ4 = µ4(n, c).
Theorem I. ([36, Theorem 7.1] and [39, Lemma 2.9]) (1) There is a decreasing
homeomorphism ̺n : (0,∞) → (0,∞) with the following property: if Γ is a family
of paths, each of which meets a set E in Rn and has length at least λ, then
Mod(Γ) ≤ ̺n
( λ
diam(E)
)
.
(2) Suppose that a family of the curves Γ lie in a Borel set E ⊂ R
n
and that
ℓ(γ) ≥ r > 0 for every locally rectifiable γ ∈ Γ. Then
Modp(Γ) ≤
m(E)
rp
,
where 2 ≤ p ≤ n and m(E) denotes the volume of E.
Theorem J. ([36, Section 7.5]) For x ∈ Rn and 0 < a < b < ∞, let A denote the
spherical ring B(x, b)\B(x, a), E = S(x, a), F = S(x, b) and ΓA = Γ(E, F ;A) the
family of the curves in A connecting E and F . Then
Mod(ΓA) = ωn−1
(
log
b
a
)1−n
,
where ωn−1 denotes the (n− 1)-dimensional surface area of S.
2.5. Internal metric, broad domains and quasisymmetric mappings. For x,
y in D, the internal metric δD in D is defined by
δD(x, y) = inf{diam(α) : α ⊂ D is a rectifiable arc joining x and y}.
Definition 4. Let ϕ : (0,∞) → (0,∞) be a decreasing homeomorphism. We say
that D is ϕ-broad if for each t > 0 and each pair (C0, C1) of continua in D with
C0 ∩ C1 = ∅, the condition δD(C0, C1) ≤ tmin{diam(C0), diam(C1)} implies
Mod (C0, C1;D) ≥ ϕ(t),
where δD(C0, C1) denotes the δD-distance between C0 and C1.
Broad domains were introduced in [40]. It was later proved that a simply con-
nected planar domain is broad if and only if it is John [31, Section 8]. Further,
Gehring and Martio proved that each uniform domain in Rn is broad, see [11, Lemma
2.6].
It is important to recall that the notion of broad domains also goes under the term
Lo¨ewner space. The notion of a Loewner space was introduced by Heinonen and
Koskela [18] in their study of quasiconformal mappings of metric spaces; Heinonen’s
recent monograph [16] renders an enlightening account of these ideas. See [4, 6, 21,
35] etc for more related discussions.
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Definition 5. Let (X, d) and (X ′, d′) be two metric spaces, and let η : [0,∞) →
[0,∞) be a homeomorphism. An embedding f : X → X ′ is η-quasisymmetric, or
briefly η-QS, in the metrics d and d′ if d(a, x) ≤ td(a, y) implies
d′(a′, x′) ≤ η(t)d′(a′, y′)
for all a, x, y ∈ X , and if there is a constant ν ≥ 1 such that d(a, x) ≤ d(a, y)
implies
d′(a′, x′) ≤ νd′(a′, y′),
then f is said to be weakly ν-quasisymmetric, or briefly weakly ν-QS, in the metrics
d and d′.
Obviously, “quasisymmetry” implies “weak quasisymmetry”.
Remark 2. It follows from [6] that f−1 is η1-quasisymmetric if f is η-quasisymmetric,
where η1(t) =
1
η−1(1/t)
. It also follows from [31, Lemma 3.9] (resp. [31, Lemma 3.5])
that QS mappings preserve broad domains (resp. John domains).
2.6. The function af .
Definition 6. Suppose f : D → D′ is a K-quasiconformal mapping. For x ∈ D,
we write
Bx = B
(
x,
1
2
dD(x)
)
and set
af(x) = exp
( 1
nm(Bx)
∫
Bx
log Jf dm
)
,
where Jf denotes the Jacobian of f and m(Bx) stands for the volume of the ball Bx.
We recall the following result concerning the function af .
Theorem K. ([15, Lemma 2.11], see also [2, Theorem 1.8]) Suppose f : D → D′ is
a K-quasiconformal mapping. Then there is a constant µ5 such that
1
µ5
dD′(x
′)
dD(x)
≤ af(x) ≤ µ5
dD′(x
′)
dD(x)
for all x ∈ D, where µ5 = µ5(n,K).
3. Linear local connectedness and quasisymmetry
The aim of this section is to give a proof of Theorem 1. Before the proof of
Theorem 1, we establish two auxiliary lemmas.
Lemma 1. Suppose that f : D → D′ is a K-quasiconformal mapping, that D is ϕ-
broad, and that A ⊂ D is arcwise connected such that the restriction f |A : A→ A
′ is
weakly H-QS in the metrics δD and δD′. For z1, z2, z3 ∈ A, if δD(z1, z3) ≤ cδD(z1, z2),
where c is a constant, then
δD′(z
′
1, z
′
3) ≤ µ7(c)δD′(z
′
1, z
′
2),
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where µ7(c) = Hµ
1+log3 c
6 ,
µ6 = max
{
8HK, 8H exp
(
2
(2Kωn−1
ϕ(45/4)
) 2
n−1
)
+ 8H, 2H(H + 1)
(
̺−1n
(ϕ(8)
K
)
+ 1
)}
,
and ̺n is the same as in Theorem I.
Proof. If δD(z1, z2) ≥ δD(z1, z3), then the assumption “f |A being weakly H-QS in
the metrics δD and δD′” implies
δD′(z
′
1, z
′
3) ≤ HδD′(z
′
1, z
′
2).(3.1)
For the other case, that is, δD(z1, z2) < δD(z1, z3), we take β to be an arc joining
z1 and z3 in A. We partition β with the aid of a finite sequence {vi}
s+2
i=1 of points in
β as follows.
If δD(z1, z3) < 3δD(z1, z2), then we let s = 1 and xs = z1.
If δD(z1, z3) ≥ 3δD(z1, z2), let s be the number which satisfies
z3 ∈ D\BδD(z1, 3
s−1δD(z1, z2)) and z3 ∈ BδD(z1, 3
sδD(z1, z2)).
Obviously, s ≥ 2. It is possible that δD(z1, z3) = 3
s−1δD(z1, z2). We let x1 = z1, and
let x2, . . . , xs be points such that for each i ∈ {1, . . . , s− 1}, xi+1 denotes the last
point in β along the direction from z1 to z3 such that (see Figure 1)
(3.2) δD(x1, xi+1) = 3
i−1δD(z1, z2).
z3 = vs+2z1 = x1 = v1
x2 = v2
z2
x3 = v3
xs = vs
ys+1 = vs+1
β
Figure 1. The arc β in A and its partition
Apparently,
3s−1δD(z1, z2) ≤ δD(z1, z3) < 3
sδD(z1, z2).(3.3)
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Hence, we have chosen points {x1, . . . , xs} from β including the case s = 1, and
now, we still need to pick up another point, denoted by ys+1, in β, which is the first
point in β[z3, xs] along the direction from z3 to xs such that (see Figure 1)
(3.4) δD(ys+1, z3) =
1
8
δD(xs, z3).
Then we see that
δD(xs, ys+1) ≤ δD(xs, z3) + δD(ys+1, z3) = 9δD(ys+1, z3),(3.5)
and for each w ∈ β[ys+1, z3],
δD(ys+1, w) ≤ δD(ys+1, z3) + δD(z3, w) ≤ δD(ys+1, z3) +
1
8
δD(xs, z3)(3.6)
≤ 2δD(ys+1, z3).
Moreover,
δD(x1, z3) ≥
3
4
δD(xs, z3).
This inequality is obvious if s = 1, and if s ≥ 2, (3.2) and (3.3) imply
δD(x1, z3) ≥ δD(xs, z3)− δD(x1, xs) ≥ δD(xs, z3)−
1
3
δD(x1, z3),
from which the inequality easily follows.
Next, we have the following useful inequalities related to ys+1. First, we deduce
from (3.4), (3.6) and the choice of ys+1 that for w ∈ β[ys+1, z3],
δD(x1, w) ≥ δD(x1, z3)− δD(w, z3) ≥
3
4
δD(xs, z3)− δD(w, z3)(3.7)
≥ 5δD(ys+1, z3)
≥
5
2
δD(ys+1, w),
and then, if s ≥ 2, we infer from (3.3) and (3.4) that
δD(xs, ys+1) ≤ δD(x1, xs) + δD(x1, z3) + δD(ys+1, z3)(3.8)
= δD(x1, xs) + δD(x1, z3) +
1
8
δD(xs, z3)
≤
9
8
(
δD(x1, xs) + δD(x1, z3)
)
<
45
4
δD(x1, xs).
We now take vi = xi for each i ∈ {1, . . . , s}, where s ≥ 1, vs+1 = ys+1 and
vs+2 = z3. In this way, we get the desired partition of β (see Figure 1).
The following two claims are inequalities on the image of the partition of β under
f .
Claim 1. If s = 1, then δD′(v
′
1, v
′
3) ≤ µ6δD′(v
′
1, z
′
2).
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Suppose on the contrary that
δD′(v
′
1, v
′
3) > µ6δD′(v
′
1, z
′
2).
We shall get a contradiction by using the conformal modulus of families of curves
(in the following, we briefly say “by using the conformal modulus”).
Let χ be an arc joining v1 and z2 in A (see Figure 2), and let y1 be the first point
in χ along the direction from v1 to z2 satisfying (see Figure 2)
(3.9) δD(v1, y1) =
1
2
δD(v1, z2).
z2
y1
z1 = v1
β
y2 = v2
z3 = v3
χ
Figure 2. The arc χ and the point y1.
First, we apply the assumption “D being ϕ-broad” to get a lower bound for the
conformal modulus Mod(χ[v1, y1], β[v2, v3];D). For this, we need to show that the
curves χ[v1, y1] and β[v2, v3] are disjoint.
For each u ∈ χ[v1, y1], by the assumption on the weak quasisymmetry of f and
the choice of y1, we have
(3.10) δD′(v
′
1, u
′) ≤ HδD′(v
′
1, z
′
2),
and for each v ∈ β[v2, v3], it follows from (3.4) together with the choice of y1 and v2
that
δD(u, v) ≥ δD(v1, v3)− δD(v3, v)− δD(v1, u)(3.11)
≥
7
8
δD(v1, v3)−
1
2
δD(v1, z2)
≥
3
8
δD(v1, v3) = 3δD(v2, v3)
≥ 3δD(v, v3).
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So the assumption on the weak quasisymmetry of f implies
δD′(v
′
1, v
′
3) ≤ δD′(v
′
1, v
′) + δD′(v
′, v′3) ≤ (H + 1)δD′(v
′
1, v
′).(3.12)
Now, (3.10) and (3.12) show that
δD′(u
′, v′) ≥ δD′(v
′
1, v
′)− δD′(v
′
1, u
′)(3.13)
≥
1
H + 1
δD′(v
′
1, v
′
3)−HδD′(v
′
1, z
′
2)
>
( µ6
H + 1
−H
)
δD′(v
′
1, z
′
2).
Hence χ[v1, y1]∩β[v2, v3] = ∅. Further, the combination of (3.4) and (3.9) guarantees
that
δD(v1, v3)
min{diam(χ[v1, y1]), diam(β[v2, v3])}
≤ 8,
we see from the assumption “D being ϕ-broad” that
Mod(χ[v1, y1], β[v2, v3];D) ≥ ϕ
( δD(χ[v1, y1], β[v2, v3])
min{diam(χ[v1, y1]), diam(β[v2, v3])}
)
≥ ϕ
( δD(v1, v3)
min{diam(χ[v1, y1]), diam(β[v2, v3])}
)
≥ ϕ(8),
where ̺n is from Theorem I, which is the desired bound.
Since (3.10) implies
diam(χ′[v′1, y
′
1]) ≤ 2HδD′(v
′
1, z
′
2)
and the quasiconformal invariance property of the moduli of the families of curves
shows
Mod(χ[v1, y1], β[v2, v3];D) ≤ KMod(χ
′[v′1, y
′
1], β
′[v′2, v
′
3];D
′),
we infer from Theorem I and (3.13) that
ϕ(8) ≤ Mod(χ[v1, y1], β[v2, v3];D) ≤ KMod(χ
′[v′1, y
′
1], β
′[v′2, v
′
3];D
′)
≤ K̺n
(
( µ6
H+1
−H)δD′(v
′
1, z
′
2)
diam(χ′[v′1, y
′
1])
)
≤ K̺n
( µ6
H+1
−H
2H
)
< ϕ(8).
This obvious contradiction shows that the claim is true.
Claim 2. If s ≥ 2, then δD′(v
′
1, v
′
i+1) ≤ µ6δD′(v
′
1, v
′
i) for each i ∈ {2, . . . , s+ 1}.
Suppose on the contrary that there exists an i ∈ {2, . . . , s+ 1} such that
δD′(v
′
1, v
′
i+1) > µ6δD′(v
′
1, v
′
i).
If i = s+ 1, then we get
δD′(v
′
s+1, v
′
s+2) ≥ δD′(v
′
1, v
′
s+2)− δD′(v
′
1, v
′
s+1)
≥ (µ6 − 1)δD′(v
′
1, v
′
s+1),
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whence, again, the assumption on the weak quasisymmetry of f implies
δD(vs+1, vs+2) ≥ δD(v1, vs+1),
which contradicts (3.7). Hence we see that i ∈ {2, . . . , s}. In the following, by using
the conformal modulus, we shall show that it is impossible either. For this purpose,
some preparation is needed.
Let γ′i be an arc joining v
′
1 and v
′
i in D
′ such that (see Figure 3)
(3.14) diam(γ′i) <
5
4
δD′(v
′
1, v
′
i),
and we let w′i be the last point in β
′[v′i, v
′
s+2] along the direction from v
′
i to v
′
s+2 such
that (see Figure 3)
(3.15) δD′(v
′
1, w
′
i) =
µ6
3H
δD′(v
′
1, v
′
i).
Obviously,
(3.16) δD′(v
′
1, v
′
i+1) > 3HδD′(v
′
1, w
′
i).
γ′i
v′i
w′i
v′i+1
β ′
v′s+2 = z
′
3
v′1
Figure 3. The point w′i, and the arcs β
′ and γ′i in D
′
Let us leave the proof of the claim for a moment and determine the position of
w′i in β
′[v′i, v
′
s+2]. Our result is as follows.
Subclaim 1. w′i ∈ β
′[v′i, v
′
i+1].
To prove this subclaim, we divide the arguments into the case where i ≤ s − 1
and the case where i = s. We first consider the case i ≤ s − 1. Then, once again,
by the assumption on the weak quasisymmetry of f together with (3.16), we have
δD(v1, vi+1) > δD(v1, wi),
and so the choice of vi+1 shows that w
′
i ∈ β
′[v′i, v
′
i+1].
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On the other hand, for the case i = s, (3.15) leads to
δD′(v
′
s+1, w
′
s) ≥ δD′(v
′
s, v
′
s+1)− δD′(v
′
1, v
′
s)− δD′(v
′
1, w
′
s)
≥ δD′(v
′
1, v
′
s+1)− 2δD′(v
′
1, v
′
s)− δD′(v
′
1, w
′
s)
≥
(
µ6 − 2−
µ6
3H
)
δD′(v
′
1, v
′
s)
> HδD′(v
′
1, w
′
s),
whence we infer from the assumption on the weak quasisymmetry of f that
δD(vs+1, ws) > δD(v1, ws),
which together with (3.7) shows that w′s ∈ β
′[v′s, v
′
s+1]. Hence Subclaim 1 is also
true in this case. The proof of the subclaim is complete.
We shall now present a proof of Claim 2. We shall reach a contradiction by obtain-
ing a lower bound and an upper bound for the conformal modulus Mod(γi, β[wi, vs+2];D).
For a lower bound of this quantity, we need an inequality: If s ≥ 2, then for each
i ∈ {2, . . . , s},
δD(vi, vi+1) ≤
45
4
min{δD(v1, vi), δD(vi+1, vs+2)}.(3.17)
This inequality easily follows from (3.5) and (3.8) together with the following
inequalities: For s ≥ 3 and i ∈ {2, . . . , s− 1},
δD(vi, vi+1) ≤ δD(v1, vi) + δD(v1, vi+1) = 4δD(v1, vi),
and further
δD(vi, vi+1) ≤ 4δD(v1, vi) =
4
3
δD(v1, vi+1) ≤
2
3
δD(vi+1, vs+2),
where in the third inequality, the following estimate is used:
δD(vi+1, vs+2) ≥ δD(v1, vs+2)− δD(v1, vi+1) ≥ 3
s−1δD(z1, z2)− δD(v1, vi+1)
≥ 2δD(v1, vi+1).
Since for each w′ ∈ γ′i and z
′ ∈ β ′[w′i, v
′
s+2], we have from (3.14) and the choice of
w′i that
δD′(w
′, z′) ≥ δD′(v
′
1, z
′)− δD′(v
′
1, w
′) ≥
( µ6
3H
−
5
4
)
δD′(v
′
1, v
′
i),(3.18)
we see that γi ∩ β[wi, vs+2] = ∅, whence it follows from the assumption “D being
ϕ-broad” that
Mod(γi, β[wi, vs+2];D) ≥ ϕ
(
δD(γi, β[wi, vs+2])
min{diam(γi), diam(β[wi, vs+2])}
)
.
Moreover, (3.17) and Subclaim 1 show that
δD(γi, β[wi, vs+2]) ≤ δD(vi, vi+1) ≤
45
4
min{diam(γi), diam(β[wi, vs+2])},
and so we obtain a lower bound as follows:
Mod(γi, β[wi, vs+2];D) ≥ ϕ
(45
4
)
.(3.19)
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η′2i
v′i
γ′i
η′1i
v′s+2
β ′
w′i
v′1
Figure 4. The arcs η′1i ∈ Υ
′
1i and η
′
2i ∈ Υ
′
2i in D
′
For an upper bound for Mod(γi, β[wi, vs+2];D), we still need to construct two
families of curves in D′ (see Figure 4):
Υ′1i = {η
′
1i : η
′
1i ⊂ B
(
v′i, (
µ6
4H
)
1
2 δD′(v
′
1, v
′
i)
)
}
and
Υ′2i = {η
′
2i : η
′
2i ∩ S
(
v′i, (
µ6
4H
)
1
2 δD′(v
′
1, v
′
i)
)
6= ∅},
where η′ji (j = 1, 2) denote the curves joining γ
′
i and β
′[w′i, v
′
s+2] in D
′.
Now, the quasiconformal invariance property of moduli of the families of curves
implies
Mod(γi, β[wi, vs+2];D) ≤ KMod(γ
′
i, β
′[w′i, v
′
s+2];D
′),
whence it follows from Theorems I and J together with (3.18) that
Mod(γi, β[wi, vs+2];D) ≤ K
(
Mod(Υ′1i) + Mod(Υ
′
2i)
)
≤ Kωn−1
(
( µ6
4H
)
n
2
( µ6
3H
− 5
4
)n
+
(1
2
log
4µ6
25H
)1−n)
< ϕ
(45
4
)
,
where in the second inequality, the fact used is η′2i ∩ S
(
v′i,
5
4
δD′(v
′
1, v
′
i)
)
6= ∅ for each
η′2i ∈ Υ
′
2i, which easily follows from (3.14). This obviously contradicts (3.19). Hence
Claim 2 is true.
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Let us now finish the proof of the lemma. Let µ7(c) = Hµ
1+log3 c
6 . Then, since
µ6 < µ7(c), Claim 1 guarantees that Lemma 1 is true when s = 1. For the case
s ≥ 2, we see from the assumption on the weak quasisymmetry of f and Claim 2
that
δD′(z
′
1, z
′
2) ≥
1
H
δD′(v
′
1, v
′
2) ≥
1
Hµ6
δD′(v
′
1, v
′
3) ≥ . . . ≥
1
Hµs6
δD′(v
′
1, v
′
s+2),
and so
δD′(z
′
1, z
′
3) ≤ Hµ
s
6δD′(z
′
1, z
′
2) ≤ Hµ
1+log3 c
6 δD′(z
′
1, z
′
2),
since (3.3) and the assumption “δD(z1, z3) ≤ cδD(z1, z2)” imply that s− 1 ≤ log3 c,
which shows that the lemma is also true in this case. Hence the proof of Lemma 1
is complete. 
Lemma 2. Under the assumptions of Lemma 1, we see that for all a, x, y ∈ A, if
δD(a, x) ≤ δD(a, y), then
δD′(a
′, x′)
δD′(a′, y′)
≤ ψ
(δD(a, x)
δD(a, y)
)
,
where ψ : (0, 1] → (0,∞) is an increasing homeomorphism which depends only on
the data
σ = (n,K,H, ϕ, ̺n).
Proof. For a proof, we let a, x and y ∈ A with δD(a, x) ≤ δD(a, y). For convenience,
we write
r =
δD(a, y)
δD(a, x)
and s =
δD′(a
′, y′)
δD′(a′, x′)
.
Obviously, r ≥ 1. Let
µ8 = max
{
63K,H2 exp
((8Kωn−1
ϕ(6)
) 1
n−1
)}
.
With the aid of µ8, we divide the discussions into two cases: r ≤ 4µ
2
8 and r >
4µ28. For each case, we shall construct an increasing homeomorphism. The desired
homeomorphism follows from this.
Suppose first that r ≤ 4µ28. Then by the assumption “f |A being weakly H-QS”,
we have
δD′(a
′, x′)
δD′(a′, y′)
≤ H ≤ 4Hµ28
δD(a, x)
δD(a, y)
.
In this case we let
ψ1(p) = 4Hµ
2
8p(3.20)
for p in [ 1
4µ2
8
, 1].
Suppose next that r > 4µ28. In this case, we shall exploit the conformal modulus
together with Theorems I and J to get an increasing homeomorphism. First, we do
some preparation.
Let α be an arc joining a and y in A (see Figure 5). We give the following partition
to α. Let x1 = a, and let x2, . . . , xt+1 be points such that for each i ∈ {1, . . . , t},
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xi
x2
xi+1
xt+1
y
a = x1
wi
x
yi
ui
α
Figure 5. The arc α and the related points in A
xi+1 denotes the last point in α along the direction from a to y such that (see Figure
5)
(3.21) δD(xi, xi+1) = 6
iδD(a, x) and δD(xt+1, y) < 6δD(xt, xt+1).
It is possible that xt+1 = y. Clearly, for this partition, we have
t+1∑
i=2
δD(xi−1, xi) =
6
5
(
δD(xt, xt+1)− δD(a, x)
)
,
whence
δD(a, y) ≤
t+1∑
i=2
δD(xi−1, xi) + δD(xt+1, y) <
36
5
δD(xt, xt+1),
and so
t+1∑
i=2
δD(xi−1, xi) ≥
(1
6
−
3
10µ28
)
δD(a, y),
since δD(a,y)
δD(a,x)
> 4µ28. Thus we infer from
t+1∑
i=2
δD(xi−1, xi) =
6
5
(6t − 1)δD(a, x)
that
(3.22) t > log6(4r)− 2.
For each i ∈ {2, . . . , t}, we still need to pick up three points from α[xi, xi+1] as
follows. Let yi (resp. ui) denote the first point in α along the direction from xi to
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xi+1 (resp. from yi to xi+1) such that (see Figure 5)
(3.23) δD(xi, yi) =
1
µ29
δD(xi−1, xi)
(
resp. δD(xi, ui) =
6
µ29
δD(xi−1, xi)
)
,
and let wi be the first point in α along the direction from ui to xi+1 such that (see
Figure 5)
(3.24) δD(ui, wi) =
1
µ29
δD(xi−1, xi).
We see that
α[xi, yi] ∩ α[ui, wi] = ∅.
This can be seen from the following estimate: For w ∈ α[xi, yi] and z ∈ α[ui, wi],
the choice of yi and wi implies that
δD(w, z) ≥ δD(xi, ui)− δD(ui, z)− δD(xi, w)(3.25)
≥
4
µ29
δD(xi−1, xi).
Thus the assumption the “D being ϕ-broad” together with (3.23) and (3.24) leads
to
Mod(α[xi, yi], α[ui, wi];D) ≥ ϕ
(δD(α[xi, yi], α[ui, wi])
ti
)
(3.26)
≥ ϕ
(δD(xi, ui)
ti
)
≥ ϕ(6),
where ti = min{diam(α[xi, yi]), diam(α[ui, wi])}.
Let Γi denote the family of all curves connecting α[xi, yi] and α[ui, wi] in D. Then
Mod(Γi) = Mod(α[xi, yi], α[ui, wi];D).
To decompose Γi, we construct a finite sequence of balls in D as follows. For each
i ∈ {2, . . . , t}, we let
Ci = BδD
(
xi,
1
µ9
δD(xi−1, xi)
)
,
where µ9 = exp(4µ8). Then (see Figure 6)
Γi = Γ0i ∪ Γ1i ∪ Γ2i
where
Γ0i = {γ ∈ Γi : γ ⊂ Bi ∩ Ci},
Γ1i = {γ ∈ Γi : γ ⊂ Bi − Bi ∩ Ci},
Γ2i =
{
γ ∈ Γi : γ ∩ S
(
xi,
µ8
µ29
δD(xi−1, xi)
)
6= ∅
}
,
Bi = B
(
xi,
µ8
µ29
δD(xi−1, xi)
)
.
Thus, we see that
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Claim 3. Γ1i = ∅ (see Figure 6).
For a proof of this claim, it suffices to show that for each γ in Γi, γ ⊂ Bi implies
γ ⊂ Ci. Obviously, for each γ in Bi, we have
diam(γ) ≤
2µ8
µ29
δD(xi−1, xi),
and so by (3.23),
δD(xi, x) ≤ δD(xi, yi) + diam(γ) ≤
(1 + 2µ8
µ29
)
δD(xi−1, xi) <
1
µ9
δD(xi−1, xi)
for each x ∈ γ, which implies γ ⊂ Ci, and so Claim 3 is proved.
γ0i
α
Ci
xi
yi
ui wi
D
Bi
γ2i
Bi
Figure 6. The arcs γ0i ∈ Γ0i and γ2i ∈ Γ2i in D
It follows from Claim 3 that
Γi = Γ0i ∪ Γ2i,
and then the choice of yi, (3.26) and Theorem J imply
ϕ(6) ≤ Mod(Γi) ≤ Mod(Γ0i) + Mod(Γ2i) ≤ Mod(Γ0i) + ωn−1(logµ8)
1−n
≤ Mod(Γ0i) +
1
4
ϕ(6),
where in the third inequality, we have used the fact that for each γ ∈ Γ2i,
γ ∩ S
(
xi,
1
µ29
δD(xi−1, xi)
)
6= ∅.
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Now, the quasiconformal invariance property of moduli of the families of curves
implies
(3.27) Mod(Γ′0i) ≥
1
K
Mod(Γ0i) ≥
3
4K
ϕ(6),
which will be needed later on.
The following discussion still needs a lower bound on the inner distance between
α′[x′i, y
′
i] and α
′[u′i, w
′
i]. We first prove some elementary inequalities. It follows from
(3.34) and (3.23) that
δD(xi, yi) =
1
µ29
δD(xi−1, xi) ≥
5
6µ29
δD(x1, xi) ≥
5
µ29
δD(a, x),
whence Lemma 1 implies
(3.28) δD′(x
′
1, x
′
i) ≤ µ7
(6
5
µ29
)
δD′(x
′
i, y
′
i),
and the assumption on the weak quasisymmetry of f shows
(3.29) δD′(a
′, x′) ≤ HδD′(x
′
1, x
′
i).
Now, we are ready to establish the lower bound. For all w ∈ α[xi, yi] and z ∈
α[ui, wi], since
δD(xi, w) ≤
1
µ29
δD(xi−1, xi)
and
δD(w, yi) ≤ δD(xi, w) + δD(xi, yi) ≤
2
µ29
δD(xi−1, xi),
we infer from (3.25) that
δD(w, z) > max{δD(xi, w), δD(w, yi)}.
Then (3.28) and (3.29) show
δD′(w
′, z′) ≥
1
H
max{δD′(x
′
i, w
′), δD′(w
′, y′i)} ≥
1
2H
δD′(x
′
i, y
′
i)(3.30)
≥
1
2H2µ7
(
6
5
µ29
)δD′(a′, x′),
which is the required lower bound.
In order to apply Theorems I and J in the proof, we decompose Γ′0i in the following
way (see Figure 7):
Γ′0i = Γ
′
0i1 ∪ Γ
′
0i2 ,
where
Γ′0i1 = {γ
′ ∈ Γ′0i : γ
′ ⊂ B(x′i, µ8δD′(a
′, y′))}
and
Γ′0i2 = {γ
′ ∈ Γ′0i : γ
′ ∩ S(x′i, µ8δD′(a
′, y′)) 6= ∅}.
Set
B′1i = B
′
i ∩ C
′
i ∩ B(x
′
i, µ8δD′(a
′, y′)).
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w′i
x′i
y′i
α′
u′i
γ′0i1
γ′0i2
Figure 7. The arcs γ′0i1 ∈ Γ
′
0i1
and γ′0i2 ∈ Γ
′
0i2
in D′
At present, we shall obtain a relationship between the curve family Γ′0i2 and the
sphere S(x′i, H
2δD′(a
′, y′)). Since (3.33) implies
δD(a, y) ≥ δD(xt, y)− δD(x1, xt) ≥ δD(xt, xt+1)− δD(x1, xt)(3.31)
≥
4
5
δD(xt, xt+1),
and so for each i ∈ {2, . . . , t} and w ∈ α[xi, yi], the choice of yi, (3.33) and (3.34)
guarantee
δD(a, y) ≥
4
5
δD(xi, xi+1) ≥ 4δD(x1, xi) ≥
16
5
δD(xi−1, xi) =
16
5
µ29δD(xi, yi)
≥
16
5
µ29δD(xi, w).
Hence by the assumption on the weak quasisymmetry of f , we have
δD′(a
′, y′) ≥
1
H
δD′(a
′, x′i) ≥
1
H2
δD′(x
′
i, w
′),
which implies that
α′[x′i, y
′
i] ⊂ B(x
′
i, H
2δD′(a
′, y′)),
and thus, we see that for each γ′ ∈ Γ′0i2 (see Figure 7),
γ′ ∩ S(x′i, H
2δD′(a
′, y′)) 6= ∅.
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Now, we are ready to apply Theorems I and J to get an increasing homeomor-
phism. It follows from (3.27) and Theorem J that
3
4K
ϕ(6) ≤ Mod(Γ′0i) ≤ Mod(Γ
′
0i1
) + Mod(Γ′0i2)
≤ Mod(Γ′0i1) + ωn−1(log
µ8
H2
)1−n
≤ Mod(Γ′0i1) +
1
8K
ϕ(6),
whence
Mod(Γ′0i1) ≥
5
8K
ϕ(6),
and so by (3.30) and Theorem I,
5
8K
ϕ(6) ≤ Mod(Γ′0i1) ≤
(
2H2µ7
(
6
5
µ29
)
δD′(a′, x′)
)n
m(B′1i),
from which we get
(3.32) m(B′1i) ≥
5ϕ(6)
8K
(
2H2µ7
(
6
5
µ29
))n (δD′(a′, x′))n.
Since we see from (3.33) and (3.31) that for each i ∈ {2, . . . , t},
δD(x1, xi) ≤ δD(x1, xi−1) + δD(xi−1, xi) ≤
6
5
δD(xi−1, xi) ≤
1
4
δD(a, y),
so again, the assumption on the weak quasisymmetry of f implies that for each
w′ ∈ B
′
1i,
δD′(x
′
1, w
′) ≤ δD′(x
′
1, x
′
i) + δD′(x
′
i, w
′) ≤ (H + µ8)δD′(a
′, y′) < 2µ8δD′(a
′, y′),
which assures the inclusion
B′1i ⊂ B(x
′
1, 2µ8HδD′(a
′, y′)).
The disjointness of the balls {Ci}
t
i=2 is needed now, which is indicated in the
following claim.
Claim 4. For any i 6= j ∈ {2, . . . , t}, Ci ∩ Cj = ∅.
It follows from (3.21) that for each q < i ∈ {1, . . . , t},
(3.33) δD(xq, xi) ≤
i−1∑
j=q
δD(xj , xj+1) =
6
5
(6i−q − 1)δD(a, x) <
1
5
δD(xi, xi+1).
Thus we have that for i ≥ 3 and j ∈ {1, . . . , i− 2},
6
5
δD(xi−1, xi) ≥ δD(xi−1, xi) + δD(xj , xi−1)(3.34)
≥ δD(xj , xi)
≥ δD(xi−1, xi)− δD(xj , xi−1)
≥
4
5
δD(xi−1, xi),
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and so for all i 6= j ∈ {2, . . . , t}, it follows that
δD(xi, xj) ≥
4
5
max{δD(xi−1, xi), δD(xj−1, xj)} ≥
2
5
µ9max{δD(Ci), δD(Cj)},
from which the claim follows.
We see from Claim 4 and (3.32) that
5ϕ(6)
8K
(
2H2µ7
(
6
5
µ29
))n (δD′(a′, x′))n · t ≤
t∑
i=1
m(B′1i)
≤ m(B(a′, 2µ8HδD′(a
′, y′)))
≤ ωn−1(2µ8HδD′(a
′, y′))n.
Hence (3.22) leads to
δD′(a
′, x′)
δD′(a′, y′)
≤ 4H2µ8µ7
(6
5
µ29
)( 16Kωn−1
5ϕ(6) log6
δD(a,y)
δD(a,x)
) 1
n
.
In this case, we let
ψ2(p) = 4H
2µ8µ7
(6
5
µ29
)( 16Kωn−1
5ϕ(6) log6
1
p
) 1
n
(3.35)
for p in (0, 1
4µ2
8
).
In conclusion, we see from (3.20) and (3.35) that the homeomorphism
ψ(p) =


µ10
(log6
1
p
)
1
n
if p ∈ (0,
1
4µ28
),
4µ28µ10
(log6 4µ
2
8)
1
n
p if p ∈ [
1
4µ28
, 1]
is the desired one, where µ10 = max
{
4Hµ28, 4H
2µ8µ7
(
6
5
µ29
)(16Kωn−1
5ϕ(6)
) 1
n
}
. 
3.1. The proof of Theorem 1. To prove this theorem, by definition, it suffices to
show that there exists an increasing homeomorphism η : (0,∞)→ (0,∞) such that
the inequality
δD′(x
′
1, x
′
2)
δD′(x′1, x
′
3)
≤ η
(δD(x1, x2)
δD(x1, x3)
)
holds for all x1, x2 and x3 ∈ A with x1 6= x3. We divide the construction into the
cases where δD(x1, x2) ≤ δD(x1, x3) and where δD(x1, x2) > δD(x1, x3). In each case,
we shall get a homeomorphism or homeomorphisms. Then we construct the desired
homeomorphism η from the obtained ones.
First, we suppose that δD(x1, x2) ≤ δD(x1, x3). Then Lemma 2 shows that
δD′(x
′
1, x
′
2)
δD′(x′1, x
′
3)
≤ ψ
(δD(x1, x2)
δD(x1, x3)
)
,
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where ψ is the increasing homeomorphism constructed in Lemma 2. In this case,
we let
η1(t) = ψ(t)(3.36)
for t in (0, 1].
Next, we consider the case δD(x1, x2) > δD(x1, x3). Again, we divide the discussion
into two cases which are as follows.
Case 1. δD′(x
′
1, x
′
2) ≤ H1δD′(x
′
1, x
′
3), where H1 = 36H
2.
Apparently,
δD′(x
′
1, x
′
2)
δD′(x
′
1, x
′
3)
≤ H1 ≤ H1
δD(x1, x2)
δD(x1, x3)
.
In this case, we define
η2(t) = H1ψ(1)t(3.37)
for t > 1.
x′3
α′2
y′3
x′1
α′1 E ′1
x′2
E ′2
x′4
Figure 8. The arcs α′1, α
′
2, E
′
1 and E
′
2 in D
′
Case 2. δD′(x
′
1, x
′
2) > H1δD′(x
′
1, x
′
3).
In this case, we shall exploit the conformal modulus to obtain a homeomorphism.
For this, we need some preparation. Let α′1 be an arc joining x
′
1 and x
′
2 in A
′ (see
Figure 8), and let x′4 be the first point in α
′
1 along the direction from x
′
2 to x
′
1 such
that (see Figure 8)
(3.38) δD′(x
′
4, x
′
2) =
1
8
δD′(x
′
1, x
′
2).
Then we get
(3.39) δD′(x
′
4, x
′
1) ≤ δD′(x
′
1, x
′
2) + δD′(x
′
4, x
′
2) =
9
8
δD′(x
′
1, x
′
2).
In what follows, two claims stated as below are needed.
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Claim 5. δD(x4, x2) ≥ H2δD(x1, x2) with H2 =
ψ−1(1/9)
1 + ψ−1(1/9)
.
Now, we prove this claim. If δD(x4, x2) ≥ δD(x4, x1), then
δD(x4, x2) ≥
1
2
δD(x1, x2),
since δD(x4, x2) + δD(x4, x1) ≥ δD(x1, x2). The claim is true since H2 < 1/2.
On the other hand, if δD(x4, x2) < δD(x4, x1), then by Lemma 2 together with
(3.38) and (3.39), we have
1
9
≤
δD′(x
′
4, x
′
2)
δD′(x′4, x
′
1)
≤ ψ
(δD(x4, x2)
δD(x4, x1)
)
,
whence
δD(x4, x2) ≥
ψ−1(1/9)
1 + ψ−1(1/9)
δD(x1, x2).
The proof of Claim 5 is complete.
Let α′2 be an arc joining x
′
1 and x
′
3 in A
′ (see Figure 8). Then we have
Claim 6. There exists a point y′3 in α
′
2 which satisfies
(1) δD′(x
′
1, x
′
3) ≤ δD′(x
′
1, y
′
3) ≤ 2HδD′(x
′
1, x
′
3);
(2) δD(x1, x3) ≤ δD(x1, y3); and
(3) α′2[x
′
1, y
′
3] ⊂ B(x
′
1, 2HδD′(x
′
1, x
′
3)).
In order to establish the existence of y′3, we separate the discussions into two
parts: δD′(α
′
2) ≤ 2HδD′(x
′
1, x
′
3) and δD′(α
′
2) > 2HδD′(x
′
1, x
′
3). For the first part, we
let y′3 = x
′
3. Obviously, y
′
3 satisfies all requirements in Claim 6.
For the remaining part, that is, δD′(α
′
2) > 2HδD′(x
′
1, x
′
3), we see that if α
′
2[x
′
1, x
′
3]∩
S(x′1, 2HδD′(x
′
1, x
′
3)) 6= ∅, we take y
′
3 to be the first point in α
′
2 along the direction
from x′1 to x
′
3 such that
δD′(x
′
1, y
′
3) = 2HδD′(x
′
1, x
′
3),
and if α′2[x
′
1, x
′
3] ⊂ B(x
′
1, 2HδD′(x
′
1, x
′
3)), then let y
′
3 ∈ α
′
2 be such that
δD′(x
′
1, y
′
3) > HδD′(x
′
1, x
′
3).
Necessarily, we see that δD(x1, x3) ≤ δD(x1, y3). Also, the chosen point y
′
3 satisfies
all requirements in Claim 6. Hence the claim is true.
Let us continue the proof of this theorem. Let E ′1 = α
′
1[x
′
2, x
′
4] and E
′
2 = α
′
2[x
′
1, y
′
3]
(see Figure 8). We need lower bounds for the quantity min{diam(E1), diam(E2)}
and for the length of every arc connecting E ′1 and E
′
2 in D
′, respectively. For this,
it follows from Claim 5 that
diam(E1) ≥ δD(x4, x2) ≥ H2δD(x1, x2)
and from Claim 6 that
diam(E2) ≥ δD(x1, y3) ≥ δD(x1, x3),
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whence the assumption “δD(x1, x2) > δD(x1, x3)” implies
min{diam(E1), diam(E2)} ≥ min{H2δD(x1, x2), δD(x1, x3)}(3.40)
≥ H2δD(x1, x3).
Since Claim 6(3) implies δD′(α
′
2[x
′
1, y
′
3]) ≤ 4HδD′(x
′
1, x
′
3), it follows from the choice
of x′4 and the assumption “δD′(x
′
1, x
′
2) > H1δD′(x
′
1, x
′
3)” that for each u
′ ∈ E ′1 and
v′ ∈ E ′2,
δD′(u
′, v′) ≥ δD′(x
′
1, x
′
2)− δD′(x
′
2, u
′)− δD′(x
′
1, v
′)(3.41)
≥
(7
8
−
4H
H1
)
δD′(x
′
1, x
′
2).
y′3
x′1
γ′1
E ′1
x′2γ
′
2
x′4
E ′2
Figure 9. The arcs γ′1 ∈ Γ
′
1 and γ
′
2 ∈ Γ
′
2 in D
′
The needed lower bounds have been obtained. In order to apply the conformal
modulus together with Theorems I and J to get a homeomorphism, we still need to
construct a family of curves in D′. Let Γ′ denote the curves joining E ′1 and E
′
2 in
D′. Then (see Figure 9)
Γ′ = Γ′1 ∪ Γ
′
2,
where
Γ′1 = {γ
′ ∈ Γ′ : γ′ ⊂ B(x′1, (δD′(x
′
1, x
′
2)δD′(x
′
1, y
′
3))
1
2 )}
and
Γ′2 = {γ
′ ∈ Γ′ : γ′ ∩ S(x′1, (δD′(x
′
1, x
′
2)δD′(x
′
1, y
′
3))
1
2 ) 6= ∅}.
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Hence we infer from (3.41), Theorems I and J that
Mod(E ′1, E
′
2;D
′) = Mod(Γ′)(3.42)
≤ Mod(Γ′1) + Mod(Γ
′
2)
≤
ωn−1(δD′(x
′
1, x
′
2)δD′(x
′
1, y
′
3))
n
2
((7/8− 4H/H1)δD′(x′1, x
′
2))
n
+ωn−1
(1
2
log
δD′(x
′
1, x
′
2)
δD′(x′1, y
′
3)
)1−n
≤ 2nωn−1
(
log
δD′(x
′
1, x
′
2)
H2δD′(x′1, x
′
3)
)1−n
,
since the statement (3) in Claim 6 shows that for each γ′ ∈ Γ′2, γ
′∩S(x′1, 2HδD′(x
′
1, x
′
3)) 6=
∅. Now, the quasiconformal invariance property of moduli of the families of curves
together with (3.40) guarantees
Mod(Γ′) ≥
1
K
Mod(Γ) ≥
1
K
ϕ
( δD(E1, E2)
min{diam(E1), diam(E2)}
)
≥
1
K
ϕ
( δD(x1, x2)
H2δD(x1, x3)
)
,
which, combining with (3.42), shows that
δD′(x
′
1, x
′
2)
δD′(x′1, x
′
3)
≤ H2 exp
(
2
(2Kωn−1
τ
) 1
n−1
)
,
where τ = ϕ
(
δD(x1,x2)
H2δD(x1,x3)
)
. Now, we let
η3(t) = H
2 exp
(
2
(2Kωn−1
ϕ(t/H2)
) 1
n−1
)
(3.43)
for t > 1.
Now, we are ready to conclude the existence of the homeomorphism η. We see
from (3.36), (3.37) and (3.43) that the homeomorphism
η(t) =
{
H1µ11η1(t) if t ∈ (0, 1],
max{µ11η2(t), 36ψ(1)η3(t)} if t ∈ (1,∞),
is the desired one, where µ11 = exp
(
2
(
2Kωn−1
ϕ(1/H2)
) 1
n−1
)
. The proof of Theorem 1 is
complete. 
4. The equivalence of John domains
In this section, we shall prove Theorem 2. Throughout this section, we always
assume that D and D′ are bounded domains in Rn, that f : D → D′ is a K-
quasiconformal mapping, that D is a simply connected c-uniform domain, and that
f : D → D′ is continuous. Before the proof of Theorem 2, we prove several necessary
lemmas. Our first lemma is as follows.
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Lemma 3. Let x ∈ D. Then for each I(x) ∈ Φ(x), we have
max{dD′(x
′), dist(x′, I ′(x))} ≤ µ12diam(I
′(x)),
where
µ12 = 4ψ
−1
n
(
1
Kµ4
φn
(
10c
(
1− exp
(
−
( 1
µ2
log
3
2
)µ2))))
,
φn and ψn are from Theorem G, µ2 and µ4 are from Theorem F and Theorem H,
respectively. We recall here that I ′(x) = f(I(x)).
Proof. We shall apply the conformal modulus to prove this lemma.
Let B′1 = B(x
′, 1
2
dD′(x
′)). We need a lower bound for diam(B1). For each z
′
3 ∈
∂B′1, by the inequality (2.1), we have
kD′(x
′, z′3) ≥ log
(
1 +
|x′ − z′3|
dD′(x′)
)
= log
3
2
,
which, together with Theorem F, implies that
(4.1) max{kD(x, z3), (kD(x, z3))
1
µ2 } ≥
1
µ2
kD′(x
′, z′3) ≥
1
µ2
log
3
2
.
If |x− z3| <
1
2
dD(x), then kD(x, z3) ≤ 1, and so (4.1) implies
kD(x, z3) ≥
( 1
µ2
log
3
2
)µ2
,
whence the inequality (2.3) leads to( 1
µ2
log
3
2
)µ2
≤ kD(x, z3) ≤ log
(
1 +
|z3 − x|
dD(x)− |z3 − x|
)
.
Hence we have proved that for z3 ∈ ∂B1,
|x− z3| ≥ min
{
1− exp
(
−
( 1
µ2
log
3
2
)µ2), 1
2
}
dD(x)
=
(
1− exp
(
−
( 1
µ2
log
3
2
)µ2))
dD(x),
which implies
diam(B1) ≥ 2
(
1− exp
(
−
( 1
µ2
log
3
2
)µ2))
dD(x).(4.2)
Since I(x) ⊂ ∂D, we need to find its replacement in D. We construct an arc as
follows. Let I1(x) be an arc in D which satisfies the following three requirements:
diam(I(x)) ≤ 2diam(I1(x)),(4.3)
for each z ∈ I1(x),
dist(z, I(x)) <
1
4
min{dist(B1, I(x)), diam(I(x))}(4.4)
and
dist(z′, I ′(x)) <
1
4
min{dist(B′1, I
′(x)), diam(I ′(x))}.
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In order to apply the conformal modulus to the sets B1 and I1(x), some prepara-
tion is still necessary. Let u′0 ∈ I
′
1(x) be such that
dist(u′0, B
′
1) = dist(B
′
1, I
′
1(x)).
Then (4.5) implies
dist(B′1, I
′
1(x)) ≥ dist(B
′
1, I
′(x))− dist(u′0, I
′(x)) ≥
3
4
dist(B′1, I
′(x)).(4.6)
For a comparison between diam(I ′(x)) and diam(I ′1(x)), we let u
′
1 and u
′
2 in I
′
1(x)
to be such that
|u′1 − u
′
2| = diam(I
′
1(x)).
Then by (4.5), we get
diam(I ′1(x)) ≤ dist(u
′
1, I
′(x)) + dist(u′2, I
′(x)) + diam(I ′(x))(4.7)
≤
3
2
diam(I ′(x)).
Moreover, we need two estimates concerning B1 and I1(x). For the first estimate,
let z ∈ I1(x). Then by (4.4) and the obvious fact “dist(B1, I(x)) ≤ 8cdD(x)”, we
have
|z − x| ≤ 8cdD(x) + dist(z, I(x)) ≤ 8cdD(x) + dist(B1, I(x)) ≤ 10cdD(x),
which shows
dist(I1(x), B1) ≤ 10cdD(x),(4.8)
and we see from (4.2) and (4.3) that
min{diam(B1), diam(I1(x))} ≥ min{diam(B1),
1
2
diam(I(x))}(4.9)
≥ min
{
2− 2 exp
(
−
( 1
µ2
log
3
2
)µ2)
,
1
2
}
dD(x)
≥
(
1− exp
(
−
( 1
µ2
log
3
2
)µ2)) dD(x),
whence, we obtain
B1 ∩ I1(x) = ∅.
Now, the quasiconformal invariance property of moduli of the families of curves
implies that
Mod (B1, I1(x);D) ≤ KMod (B
′
1, I
′
1(x);D
′),
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and so it follows from (4.8), (4.9), Theorems G and H that
φn
(
10c
(
1− exp
(
−
( 1
µ2
log
3
2
)µ2))−1) ≤ φn( dist(B1, I1(x))
min{diam(B1), diam(I1(x))}
)
≤ Mod (B1, I1(x);R
n)
≤ µ4Mod (B1, I1(x);D)
≤ Kµ4Mod (B
′
1, I
′
1(x);D
′)
≤ Kµ4Mod (B
′
1, I
′
1(x);R
n)
≤ Kµ4ψn
( dist(B′1, I ′1(x))
min{diam(B′1), diam(I
′
1(x))}
)
,
which together with (4.6) and (4.7) leads to
max{dD′(x
′), dist(x′, I ′(x))} = dist(x′, I ′(x)) ≤ 2dist(B′1, I
′(x)) ≤
8
3
dist(B′1, I
′
1(x))
≤
8
3
ψ−1n
(
1
Kµ4
φn
(
10c
(
1− exp
(
−
( 1
µ2
log
3
2
)µ2))))
×min{diam(B′1), diam(I
′
1(x))}
≤
8
3
ψ−1n
(
1
Kµ4
φn
(
10c
(
1− exp
(
−
( 1
µ2
log
3
2
)µ2))))
×diam(I ′1(x))
≤ 4ψ−1n
(
1
Kµ4
φn
(
10c
(
1− exp
(
−
( 1
µ2
log
3
2
)µ2))))
×diam(I ′(x)).
Hence the proof of the lemma is complete. 
In Lemma 3, a lower bound for the ratio diam(I
′(x))
dD′(x
′)
has been proved. In the
following lemmas, we shall obtain some other upper bounds for diam(I
′(x))
dD′(x
′)
under
different conditions. All these bounds are needed later on.
Lemma 4. Suppose there are constants b ≥ 1 and α ≤ 1 such that
diam(P ′)
diam(Q′)
≤ b
(diam(P )
diam(Q)
)α
for all components P ⊂ Q, where P ∈ Φ(u) and Q ∈ Φ(v) for u, v ∈ D (here the
case u = v inclusive). Then for x ∈ D and each I(x) ∈ Φ(x), we have
diam(I ′(x)) ≤ µ13dD′(x
′),
where
µ13 = max
{
72(exp(µ2)− 1), 24(exp(µ2)− 1)ψ
−1
n
(φn(160c2(4b) 1α )
Kµ4
)}
.
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Proof. Suppose on the contrary that there exist some x ∈ D and I(x) ∈ Φ(x) such
that
(4.10) diam(I ′(x)) > µ13dD′(x
′).
Under this assumption, we shall exploit the conformal modulus to get a contra-
diction. At first, we do some preparation.
Obviously, the assumption (4.10) assures that there must exist a continuum P0 ⊂
I(x) such that
(4.11) diam(P ′0) >
1
4
diam(I ′(x)) and dist(x′, P ′0) ≥
1
6
diam(I ′(x)).
Then there must exist some point u ∈ D such that
(4.12) diam(P0) ≤ 3cdD(u) and dD(u) ≤ dist(u, P0) ≤
1
2
diam(P0),
and thus
P0 ⊂ B(u, 8cdD(u)),
whence (4.12) guarantees that there exists some P ∈ Φ(u) such that
P0 ⊂ P.
Hence the assumption in the lemma implies
1
4
<
diam(P ′0)
diam(I ′(x))
≤
diam(P ′)
diam(I ′(x))
≤ b
( diam(P )
diam(I(x))
)α
,
which shows that
(4.13) 8cdiam(P0) ≥ diam(P ) >
( 1
4b
) 1
α
diam(I(x)),
since (4.12) implies diam(P ) ≤ 16cdD(u) ≤ 8cdiam(P0).
Let B2 = B(x,
1
2
dD(x)). We need estimates on diam(B
′
2) and dist(B
′
2, P
′
0). For
the first estimate, we let y3 ∈ ∂B2. Apparently, kD(x, y3) ≤ 1, and so Theorem F
and (2.1) lead to
log
(
1 +
|x′ − y′3|
dD′(x′)
)
≤ kD′(x
′, y′3) ≤ µ2(kD(x, y3))
1
µ2 ≤ µ2,
whence
(4.14) diam(B′2) ≤ 2(exp(µ2)− 1)dD′(x
′),
and for the second one, we see from (4.10), (4.11) and (4.14) that
dist(B′2, P
′
0) ≥ dist(x
′, P ′0)− diam(B
′
2)(4.15)
≥
(µ13
6
− 2(exp(µ2)− 1)
)
dD′(x
′).
Since P0 ⊂ ∂D, we need its replacement of P0 in D. We construct an arc as
follows: Let P1 ⊂ D be an arc which satisfies the following three requirements:
diam(P0) ≤ 2diam(P1),(4.16)
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for each z ∈ P1,
dist(z, P0) <
1
4
min{dist(B2, P0), diam(P0)}(4.17)
and
dist(z′, P ′0) <
1
4
min{dist(B′2, P
′
0), diam(P
′
0)}.(4.18)
Then we establish several inequalities related to P1 and its image P
′
1. For the first
inequality, we let u′3 ∈ P
′
1 be such that dist(u
′
3, B
′
2) = dist(B
′
2, P
′
1). Then by (4.15)
and (4.18), we have
dist(B′2, P
′
1) ≥ dist(B
′
2, P
′
0)− dist(u
′
3, P
′
0) ≥
3
4
dist(B′2, P
′
0)(4.19)
≥
(µ13
8
−
3
2
(exp(µ2)− 1)
)
dD′(x
′).
For the second one, we let u4 ∈ P1 be such that dist(x, P1) = |x−u4| and u5 ∈ P0
such that dist(u4, P0) = |u4 − u5|. Then by (4.17), we see that
dist(B2, P1) ≤ dist(x, P1)(4.20)
≤ |x− u5|+ |u4 − u5|
≤ 8cdD(x) +
1
4
dist(B2, P0)
≤ 8cdD(x) +
1
4
|x− u5|
≤ 10cdD(x),
since P0 ⊂ I(x) ⊂ B(x, 8cdD(x)), i.e., |x− u5| ≤ 8cdD(x).
For the third inequality, we see from (4.13) and (4.16) that
diam(P1) ≥
1
2
diam(P0) ≥
1
16c
·
( 1
4b
) 1
α
diam(I(x))(4.21)
≥
1
16c
·
( 1
4b
) 1
α
dD(x).
Obviously,
B2 ∩ P1 = ∅.
Now, the quasiconformal invariance property of moduli of the families of curves
implies
Mod (B2, P1;D) ≤ KMod (B
′
2, P
′
1;D
′),
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whence it follows from Theorems G and H together with (4.14), (4.19), (4.20) and
(4.21) that
φn
(
160c2(4b)
1
α
)
≤ φn
( 10cdD(x)
min{diam(B2), diam(P1)}
)
≤ φn
( dist(B2, P1)
min{diam(B2), diam(P1)}
)
≤ Mod (B2, P1;R
n) ≤ µ4Mod (B2, P1;D)
≤ Kµ4Mod (B
′
2, P
′
1;D
′)
≤ Kµ4ψn
( dist(B′2, P ′1)
min{diam(B′2), diam(P
′
1)}
)
≤ Kµ4ψn
( 1
8
µ13 −
3
2
(exp(µ2)− 1)
2(exp(µ2)− 1)
)
< Kµ4ψn
( µ13
24(exp(µ2)− 1)
)
< φn
(
160c2(4b)
1
α
)
.
This obvious contradiction completes the proof. 
Lemma 5. Suppose f : (D, δD) → (D
′, δD′) is η-quasisymmetric. Then for x ∈ D
and each I(x) ∈ Φ(x), we have
diam
(
I ′(x)
)
≤ µ14dD′(x
′),
where µ14 = 3η(16c
2)(exp(µ2)− 1).
Proof. For x ∈ D, let y′1 ∈ D
′ be such that (see Figure 10)
(4.22) y1 ∈ B(x, 8cdD(x)) and |x
′ − y′1| ≥
1
3
diam(I ′(x)),
and let y2 ∈ D be such that (see Figure 10)
|y2 − x| =
1
2
dD(x).
Obviously, kD(x, y2) ≤ 1, and so Theorem F and (2.2) imply that
log
(
1 +
ℓ(γ′)
dD′(x′)
)
≤ kD′(x
′, y′2) ≤ µ2max{kD(x, y2), (kD(x, y2))
1
µ2 } ≤ µ2,
where γ′ is a quasihyperbolic geodesic joining x′ and y′2 in D
′ (see Figure 10), and
then
(4.23) ℓ(γ′) ≤ (exp(µ2)− 1)dD′(x
′).
With the aid of ℓ(γ′), we shall finish the proof. For this, we let γ2 be a double
c-cone arc joining y1 and x in D (see Figure 10). The existence of γ2 follows from
the assumption that “D is c-uniform”. Then
(4.24) δD(x, y1) ≤ ℓ(γ2) ≤ c|y1 − x|,
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x′
γ′
y′2 γ′2
y1
γ2
y2
x
γ
y′1
Figure 10. The arcs γ, γ2 in D, and their images under f in D
′
and thus the hypotheses on f in the lemma, (4.22) and (4.24) show that
diam(I ′(x))
δD′(x′, y
′
2)
≤
3δD′(x
′, y′1)
δD′(x′, y
′
2)
≤ 3η
(δD(x, y1)
δD(x, y2)
)
≤ 3η(16c2),
which, together with (4.23), leads to
diam(I ′(x)) ≤ 3η(16c2)δD′(x
′, y′2) ≤ 3η(16c
2)ℓ(γ′) ≤ 3η(16c2)(exp(µ2)− 1)dD′(x
′),
from which the proof follows by taking µ14 = 3η(16c
2)(exp(µ2)− 1). 
Lemma 6. Suppose there are constants ǫ0 ≥ 1 and α ≤ 1 such that for x, w ∈ D
with |x− w| ≤ 8cdD(x) and dD(w) ≤ 2cdD(x), the inequality
af(w) ≤ ǫ0af (x)
( d(x)
d(w)
)1−α
holds. Then for I(x) ∈ Φ(x), we have
diam(I ′(x)) ≤ µ16dD′(x
′),
where
µ16 = 3(1 + 4cµ15)
µ1µ2
(
1 + (exp(µ2)− 1)
(
20c
5c− 1
+
2
5c− 1
ψ−1n
(φn(cµ15)
Kµ4
)))
,
µ15 = (5cǫ0µ
2
5)
3
α , µ1 and µ5 are from Theorem E and Theorem K, respectively.
Proof. For x1 ∈ D, we take z1 ∈ B(x1, 8cdD(x1)) ∩D such that (see Figure 11)
(4.25) dD(z1) ≤
( 1
5cǫ0µ25
) 3
α
dD(x1) and |z
′
1 − x
′
1| ≥
1
3
diam(I ′(x1)).
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Then we have
|z1 − x1| >
1
2
dD(x1),(4.26)
because otherwise,
dD(z1) ≥ dD(x1)− |z1 − x1| ≥
1
2
dD(x1),
which contradicts (4.25).
Let γ denote a double c-cone arc joining z1 and x1 in D (see Figure 11). Then
(4.27) ℓ(γ) ≤ c|z1 − x1| ≤ 4cdD(x1).
Let z0 be the midpoint of γ with respect to the arc length (see Figure 11) and
µ15 = (5cǫ0µ
2
5)
1
α , where µ5 is the same constant as in Theorem K. In the following,
we partition γ. Since by (4.26),
dD(z0) ≥
1
2c
|z1 − x1| >
1
4c
dD(x1),
it follows from (4.25) that there must exist an integer m (m ≥ 2) such that
(4.28) µm15 dD(z1) ≤ dD(z0) < µ
m+1
15 dD(z1).
We use x0 to denote the first point in γ from z1 to z0 satisfying (see Figure 11)
dD(x0) = µ
m
15 dD(z1).
Let y1 = z1. Then we choose points y2, . . . , ym+1 in γ[z1, z0] such that for each
i ∈ {2, . . . , m+ 1}, yi is the first point from z1 to z0 with
(4.29) dD(yi) = µ
i−1
15 dD(y1).
z1 = y1
x1
γ
y2 yi−1
yi
x0 = ym+1
z0 = ym+2
Figure 11. The arc γ and the related points in D
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Obviously, ym+1 = x0. If x0 6= z0, then we let ym+2 = z0, and thus we get a
partition of γ (see Figure 11). It easily follows from (4.28) that
dD(ym+1) >
1
µ15
dD(z0) ≥
1
2cµ15
ℓ(γ).(4.30)
We need estimates on dD′(y
′
m+1) and |y
′
m+1 − x
′
1| in terms of dD′(x
′
1), as well as an
upper bound for
dD′(y
′
i−1)
dD′(y
′
i)
. It follows from Theorem E, (4.27) and (4.30) that
kD(ym+1, x1) ≤ µ1 log
(
1 +
|ym+1 − x1|
min{dD(ym+1), dD(x1)}
)
≤ µ1 log(1 + 4cµ15),
and then by Theorem F and (2.1), we have
max
{
log
(
1 +
|y′m+1 − x
′
1|
dD′(x′1)
)
, log
dD′(y
′
m+1)
dD′(x′1)
}
≤ kD′(y
′
m+1, x
′
1)
≤ µ2max{kD(ym+1, x1), (kD(ym+1, x1))
1
µ2 }
≤ µ1µ2 log(1 + 4cµ15),
whence
(4.31) dD′(y
′
m+1) ≤ (1 + 4cµ15)
µ1µ2dD′(x
′
1)
and
(4.32) |y′m+1 − x
′
1| ≤
(
(1 + 4cµ15)
µ1µ2 − 1
)
dD′(x
′
1).
Since for each i ∈ {2, . . . , m+ 1},
|yi−1 − yi| ≤ cdD(yi) and dD(yi−1) ≤ dD(yi),
we infer from the assumptions in the lemma that
af (yi−1) ≤ ǫ0af (yi)
( dD(yi)
dD(yi−1)
)1−α
,
which, together with Theorem K and (4.29), shows that
dD′(y
′
i−1) ≤ µ5 af (yi−1)dD(yi−1)(4.33)
≤ µ5ǫ0af (yi)
( dD(yi)
dD(yi−1)
)1−α
dD(yi−1)
≤ µ25ǫ0af (yi)
( dD(yi)
dD(yi−1)
)−α
dD′(y
′
i)
≤
1
5c
dD′(y
′
i).
To complete the proof, we still need to prove the following claim.
Claim 7. For each i ∈ {2, . . . , m+ 1}, we have
|y′i − y
′
i−1| ≤ 2(exp(µ2)− 1)
(
2 +
1
5c
ψ−1n
(φn(cµ15)
Kµ4
))
dD′(y
′
i).
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We shall get a proof of this lemma by using the conformal modulus. For this, we
need to construct a finite sequence of disjoint balls in D. For each i ∈ {2, . . . , m+1},
we let
Bi = B(yi,
1
2
dD(yi)).
Then for w ∈ ∂Bi, kD(yi, w) ≤ 1, and so Theorem F and (2.1) imply that
log
(
1 +
|y′i − w
′|
dD′(y′i)
)
≤ kD′(y
′
i, w
′) ≤ µ2(kD(yi, w))
1
µ2 ≤ µ2,
whence
(4.34) diam(B′i) ≤ 2(exp(µ2)− 1)dD′(y
′
i).
It easily follows from (4.29) and the inequality
|yi − yi−1| ≥ dD(yi)− dD(yi−1) =
(
1−
1
µ15
)
dD(yi)
that for each i ∈ {2, . . . , m},
Bi ∩ Bi−1 = ∅.
Then the quasiconformal invariance property of moduli of the families of curves
implies that for each i ∈ {2, . . . , m},
Mod (Bi−1, Bi;D) ≤ KMod (B
′
i−1, B
′
i;D
′),
and so we deduce from Theorems G and H together with (4.29) that
φn(cµ15) ≤ φn
( cdD(yi)
min{diam(Bi−1), diam(Bi)}
)
≤ φn
( dist(Bi−1, Bi)
min{diam(Bi−1), diam(Bi)}
)
≤ Mod (Bi−1, Bi;R
n) ≤ µ4Mod (Bi−1, Bi;D) ≤ Kµ4Mod (B
′
i−1, B
′
i;D
′)
≤ Kµ4ψn
( dist(B′i−1, B′i)
min{diam(B′i−1), diam(B
′
i)}
)
,
which, together with (4.33) and (4.34), shows that
dist(B′i−1, B
′
i) ≤ ψ
−1
n
(φn(cµ15)
Kµ4
)
min{diam(B′i−1), diam(B
′
i)}
≤
2(exp(µ2)− 1)
5c
ψ−1n
(φn(cµ15)
Kµ4
)
dD′(y
′
i),
and thus by (4.34),
|y′i − y
′
i−1| ≤ dist(B
′
i−1, B
′
i) + 2max{diam(B
′
i−1), diam(B
′
i)}
≤
2(exp(µ2)− 1)
5c
ψ−1n
(φn(cµ15)
Kµ4
)
dD′(y
′
i) + 4(exp(µ2)− 1)dD′(y
′
i)
= 2(exp(µ2)− 1)
(
2 +
1
5c
ψ−1n
(φn(cµ15)
Kµ4
))
dD′(y
′
i).
The proof of Claim 7 is complete.
38 M. Huang, S. Ponnusamy, X. Wang, and A. Rasila
We are ready to conclude the proof. It follows from Claim 7, (4.25), (4.31), (4.32)
and (4.33) that
diam(I ′(x)) ≤ 3|y′1 − x
′
1| ≤ 3(|y
′
1 − y
′
2|+ · · ·+ |y
′
m+1 − x
′
1|)
≤
30c(exp(µ2)− 1)
5c− 1
(
2 +
1
5c
ψ−1n
(φn(cµ15)
Kµ4
))
dD′(y
′
m+1)
+3(1 + 4cµ15)
µ1µ2dD′(x
′
1)
≤ 3(1 + 4cµ15)
µ1µ2
(
1 + (exp(µ2)− 1)
(
20c
5c− 1
+
2
5c− 1
ψ−1n
(φn(cµ15)
Kµ4
)))
dD′(x
′
1).
By taking
µ16 = 3(1 + 4cµ15)
µ1µ2
(
1 + (exp(µ2)− 1)
(
20c
5c− 1
+
2
5c− 1
ψ−1n
(φn(cµ15)
Kµ4
)))
,
we see that the lemma is true. 
4.1. The proof of Theorem 2. Obviously, it suffices to prove two groups of im-
plications (see Figure 12):
(I) (3) =⇒ (6) =⇒ (7) =⇒ (4) =⇒ (5) =⇒ (1) =⇒ (2) =⇒ (3); and
(II) (1) =⇒ (8) =⇒ (9) =⇒ (10) =⇒ (3).
5
4
7 6 3
2 9
10
81
Figure 12. The route of the proof of Theorem 2
4.2. (3) =⇒ (6) =⇒ (7) =⇒ (4) =⇒ (5) =⇒ (1) =⇒ (2) =⇒ (3).
The implications (1) =⇒ (2) =⇒ (3) easily follow from [11, Lemma 2.6], [31,
Lemma 3.9], [40, Theorem 2.20] and Remark 2. Lemma 4 shows that the implication
(7) =⇒ (4) is true. Therefore, it remains to prove four implications as follows.
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4.2.1. (4) =⇒ (5).
For w and x in D with |w − x| ≤ 8cdD(x), we need to prove
δD′(x
′, w′) ≤ b2dD′(x
′).(4.35)
Without loss of generality, we assume that x 6= w. Let γ1 be a double c-cone arc
joining w and x in D, and let z0 be the midpoint of γ1 with respect to the arc length
(see Figure 13). Obviously,
ℓ(γ1) ≤ c|w − x| ≤ 8c
2dD(x).
Then it follows from Theorem E that
kD(z0, x) ≤ µ1 log
(
1 +
|x− z0|
min{dD(z0), dD(x)}
)
≤ µ1 log(1 + 4c
2),
whence Theorem F and (2.1) lead to
log
dD′(z
′
0)
dD′(x′)
≤ kD′(z
′
0, x
′) ≤ µ2max{kD(z0, x), (kD(z0, x))
1
µ2 } ≤ µ1µ2 log(1 + 4c
2),
and so
(4.36) dD′(z
′
0) ≤ (1 + 4c
2)µ1µ2dD′(x
′).
We choose y′0 ∈ γ
′
1 such that
(4.37) |y′0 − z
′
0| ≥
1
2
δD′(w
′, x′).
Then
|y0 − z0| ≤ cdD(z0).(4.38)
We continue the proof by considering two cases. If dD(y0) ≥
1
2
dD(z0), then by
Theorem E and (4.38), we have
kD(z0, y0) ≤ µ1 log
(
1 +
|z0 − y0|
min{dD(z0), dD(y0)}
)
≤ µ1 log(1 + 2c),
which, together with (2.1) and Theorem F, yields that
log
|y′0 − z
′
0|
dD′(z′0)
≤ kD′(y
′
0, z
′
0) ≤ µ2max{kD(z0, y0), (kD(z0, y0))
1
µ2 }
≤ µ1µ2 log(1 + 2c).
Hence we infer from (4.36) and (4.37) that
δD′(w
′, x′) ≤ 2|y′0 − z
′
0| ≤ 2(1 + 2c)
µ1µ2dD′(z
′
0)(4.39)
≤ 2(8c3 + 4c2 + 2c+ 1)µ1µ2dD′(x
′).
On the other hand, if dD(y0) <
1
2
dD(z0), then it follows from (4.38) that
B(y0, 6cdD(z0)) ⊂ B(z0, 8cdD(z0)),
and so there exists some continuum P1 such that (see Figure 13)
(1) P1 ⊂ ∂D ∩ B(y0, 6cdD(z0));
(2) P1 ∩ S(y0, dD(y0)) 6= ∅;
(3) diam(P1) ≥ 2dD(z0);
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w
γ1
I(z0)
I(y0)
r1
r2
r3
P1
z0
r4
x
y0
Figure 13. The double cone arc γ1, the points x, w, z0, y0, and the
continua I(y0) ⊂ P1 ⊂ I(z0), where r1 = dD(y0), r2 = 8cd(y0), r3 =
6cdD(z0) and r4 = 8cdD(z0)
(4) there exist I(z0) ∈ Φ(z0) and I(y0) ∈ Φ(y0) such that I(y0) ⊂ P1 ⊂ I(z0).
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The combination of (4.36), Lemma 3 and the condition (4) in the theorem leads
to
|y′0 − z
′
0| ≤ dist(y
′
0, I
′(y0)) + dist(z
′
0, I
′(z0)) + diam(I
′(z0))
≤ (2µ12 + 1)diam(I
′(z0)) ≤ b1(2µ12 + 1)dD′(z
′
0)
≤ b1(2µ12 + 1)(1 + 4c
2)µ1µ2dD′(x
′),
and thus (4.37) implies that
δD′(w
′, x′) ≤ 2b1(2µ12 + 1)(1 + 4c
2)µ1µ2dD′(x
′).(4.40)
Inequalities (4.39) and (4.40) show that (4.35) is true by taking
b2 = 2(1 + 4c
2)µ1µ2 max{(1 + 2c2)µ1µ2 , b1(2µ12 + 1)}.
4.2.2. (3) =⇒ (6).
For x, w ∈ D, we assume that |x−w| ≤ 8cdD(x) and dD(w) ≤ 2cdD(x). To prove
the truth of the condition (6) in the theorem, we consider two cases.
Case 1. |x− w| > 1
2
dD(x).
Let y′1 ∈ D
′ be such that |y′1 − w
′| = 1
2
dD′(w
′). Then kD′(y
′
1, w
′) ≤ 1, and so
Theorem F and (2.1) imply that
log
(
1 +
δD(y1, w)
dD(w)
)
≤ kD(y1, w) ≤ µ2max
{
kD(y
′
1, w
′), kD(y
′
1, w
′)
1
µ2
}
≤ µ2,
and so
(4.41) δD(y1, w) ≤ (exp(µ2)− 1)dD(w).
It follows from the condition (3) in the theorem and [34] that we may assume that
f is η-QS with η(t) = amax{t
1
α , tα} for t > 0, where the constants α ∈ (0, 1] and a
depend only on ϕ and the data
v =
(
c, n,K,
diam(D)
dD(x0)
,
diam(D′)
dD′(f(x0))
)
.
Then Lemma 5 and the proved implication (4) =⇒ (5) imply that the condition (5)
in the theorem holds. Hence we deduce from (4.41) and the assumption “dD(w) ≤
2cdD(x)” that
dD′(w
′)
2b2dD′(x′)
≤
δD′(y
′
1, w
′)
δD′(x′, w′)
≤ η
(δD(y1, w)
δD(x, w)
)
≤ η
(2(exp(µ2)− 1)dD(w)
dD(x)
)
(4.42)
< a(2 exp(µ2))
1
α max
{(dD(w)
dD(x)
) 1
α
,
(dD(w)
dD(x)
)α}
≤ a(4c exp(µ2))
1
α
(dD(w)
dD(x)
)α
,
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which leads to
dD′(w
′)
dD(w)
≤ 2ab2(4c exp(µ2))
1
α
dD′(x
′)
dD(x)
·
( dD(x)
dD(w)
)1−α
,
and by Theorem K, we have
af(w) ≤ 2ab2µ
2
5(4c exp(µ2))
1
αaf (x)
( dD(x)
dD(w)
)1−α
.(4.43)
Case 2. |x− w| ≤ 1
2
dD(x).
Obviously,
kD(x, w) ≤
∫
[w,x]
|dz|
dD(z)
≤
2|w − x|
dD(x)
≤ 3 log
3dD(w)
dD(x)
,
since dD(z) ≥ dD(x)−|x− z| ≥
1
2
dD(x) for each z ∈ [w, x]. It follows from Theorem
F and (2.1) that
log
dD′(w
′)
dD′(x′)
≤ kD′(x
′, w′) ≤ µ2max
{
kD(x, w), (kD(x, w))
1
µ2
}
≤ 3µ2 log
3dD(w)
dD(x)
,
which implies that
dD′(w
′)
dD′(x′)
≤
(3dD(w)
dD(x)
)3µ2
,
whence
dD′(w
′)
dD(w)
≤ 33µ2
dD′(x
′)
dD(x)
·
( dD(x)
dD(w)
)1−3µ2
.
We infer from Theorem K that
af (w) ≤ 2
3µ2−α33µ2µ25af(x)
( dD(x)
dD(w)
)1−α
,(4.44)
since dD(w) ≤ dD(x) + |x− w| ≤
3
2
dD(x).
We conclude from (4.43) and (4.44) that the condition (6) in the theorem is true.
4.2.3. (6) =⇒ (7).
Suppose that the condition (6) in the theorem holds true and that there are two
points x, w ∈ D such that P ∈ Φ(x), Q ∈ Φ(w) and P ⊂ Q (see Figure 14). To
prove this implication, it suffices to show that
diam(f(P ))
diam(f(Q))
≤ b4
(diam(P )
diam(Q)
)α
.(4.45)
Apparently, x = w implies Φ(x) = Φ(w). In this case, (4.45) is obvious. In the
following, we assume that x 6= w. We choose a double c-cone arc γ2 in D joining x
and w in D, and use w0 to denote the midpoint of γ2 with respect to the arc length
(see Figure 14). Then the assumption P ⊂ Q implies that
B(x, 8cdD(x)) ∩ B(w, 8cdD(w)) 6= ∅,
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Q
P
w
x
w0
γ2
Figure 14. The continua P ⊂ Q and the points x1, x2, x3 and x4.
and so we have
(4.46) ℓ(γ2) ≤ c|x− w| ≤ 8c
2(dD(x) + dD(w))
and
(4.47) dD(w0) ≥
1
2c
ℓ(γ2) ≥
1
2c
|x− w|.
Since
dD(x) ≤ diam(P ) ≤ diam(Q) ≤ 16cdD(w),
we get
(4.48) |x− w| ≤ 8c(dD(x) + dD(w)) ≤ 8c(1 + 16c)dD(w).
Then it follows from Theorem E, (4.46), (4.47) and (4.48) that
kD(w,w0) ≤ µ1 log
(
1 +
|w − w0|
min{dD(w0), dD(w)}
)
≤ µ1 log
(
1 +
ℓ(γ2)
2min{dD(w0), dD(w)}
)
≤ µ1 log(1 + 4c
2 + 64c3),
which together with Theorem F yield that
log
dD′(w
′
0)
dD′(w′)
≤ kD′(w
′
0, w
′)
≤ µ2max
{
kD(w0, v), (kD(w0, v))
1
µ2
}
≤ µ1µ2 log(1 + 4c
2 + 64c3).
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Hence we have
dD′(w
′
0)
dD′(w′)
≤ (1 + 4c2 + 64c3)µ1µ2 .(4.49)
Since
max{dD(x), dD(w)} ≤ 2cdD(w0) and |x− w0| ≤ cdD(w0),
the condition (6) in the theorem and Theorem K lead to
dD′(x
′)
dD′(w′0)
≤ b3µ
2
5
( dD(x)
dD(w0)
)α
≤ b3(2c)
αµ25
( dD(x)
dD(w)
)α
,
which, together with (4.49), shows that
dD′(x
′)
(1 + 4c2 + 64c3)µ1µ2dD′(w′)
≤
dD′(x
′)
dD′(w′0)
≤ b3(32c
2)αµ25
(diam(P )
diam(Q)
)α
,
where in the last inequality, the following inequalities have been used: dD(x) ≤
diam(P ) and diam(Q) ≤ 16cdD(w). Hence by the condition (6) in the theorem,
Lemmas 3 and 6, we have
diam(P ′)
µ12µ16diam(Q′)
≤
diam(P ′)
µ16dD′(w′)
≤
dD′(x
′)
dD′(w′)
≤ b3(1 + 4c
2 + 64c3)µ1µ2(32c2)αµ25
(diam(P )
diam(Q)
)α
,
where in µ16, ε0 = b3, from which (4.45) follows.
4.2.4. (5) =⇒ (1).
To prove that D′ is a John domain, we let ν1 =
diam(D)
dD(x0)
. Then we have
(4.50) dD(x0) =
1
ν1
diam(D).
For z1 ∈ D \ {x0}, we let α0 be a double c-cone arc joining z1 and x0 in D, and
y0 the midpoint of α0 with respect to the arc length. Then we have
Claim 1. For v ∈ α0[y0, x0], we have dD(v) ≥
1
2c
dD(x0).
For a proof of this claim, we consider two cases: |x0−v| ≤
1
2
dD(x0) and |x0−v| >
1
2
dD(x0). If |x0 − v| ≤
1
2
dD(x0) then
dD(v) ≥ dD(x0)− |x0 − v| ≥
1
2
dD(x0),
and if |x0 − v| >
1
2
dD(x0), then
dD(v) ≥
1
c
ℓ(α0[x0, v]) ≥
1
c
|x0 − v| >
1
2c
dD(x0),
since α0 is a double c-cone arc. The proof of Claim 1 is complete.
Further, we prove that α′0 is a carrot arc.
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Claim 2. α′0 is a b
′
1-carrot (diameter) arc with the center x
′
0, where
b′1 = 2
(
b2 exp(c
2ν1µ2) + exp(c
2ν1µ2)− 1
)
.
To prove this claim, it suffices to show that for y ∈ α0,
diam(α′0[z
′
1, y
′]) ≤ b′1dD′(y
′).
To this end, we separate the discussions into the following two cases. On one hand,
if y ∈ α0[z1, y0], then there is some y
′
1 in α
′
0[z
′
1, y
′] such that
|y′1 − y
′| ≥
1
2
diam(α′0[z
′
1, y
′]).
Since |y1 − y| ≤ ℓ(α0[y1, y]) ≤ cdD(y), we see from the condition (5) in the theorem
that
diam(α′0[z
′
1, y
′]) ≤ 2|y′1 − y
′| ≤ 2δD′(y
′
1, y
′) ≤ 2b2dD′(y
′)
as required since 2b2 < b
′
1.
On the other hand, if y ∈ α0[x0, y0], then for each u ∈ α0[y0, y], by Claim 1 and
(4.50), we have
kD(y, u) ≤
∫
α0[y,u]
|dz|
dD(z)
≤
2cℓ(α0[y, u])
dD(x0)
≤
2c2dD(u)
dD(x0)
≤ c2ν1,
since ℓ(α0[y, u]) ≤ cdD(u). Hence Theorem F and (2.1) show that
log
(
1 +
|u′ − y′|
dD′(y′)
)
≤ kD′(u
′, y′) ≤ µ2max{kD(u, y), (kD(u, y))
1
µ2 }(4.51)
≤ c2ν1µ2,
whence
(4.52) |u′ − y′| ≤
(
exp(c2ν1µ2)− 1
)
dD′(y
′).
In particular, (4.51) also leads to
log
dD′(y
′
0)
dD′(y′)
≤ kD′(y
′
0, y
′) ≤ c2ν1µ2,
and so
(4.53) dD′(y
′
0) ≤ exp(c
2ν1µ2)dD′(y
′).
By (4.51), (4.52) and (4.53), we have
diam(α′0[z
′
1, y
′]) ≤ diam(α′0[z
′
1, y
′
0]) + diam(α
′
0[y
′
0, y
′])
≤ 2b2dD′(y
′
0) + 2
(
exp(c2ν1µ2)− 1
)
dD′(y
′)
≤ 2
(
b2 exp(c
2ν1µ2) + exp(c
2ν1µ2)− 1
)
dD′(y
′)
as required. The proof of Claim 2 is complete.
The combination of Theorem C and Claim 2 shows that the condition (1) in the
theorem is true. 
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4.3. (1) =⇒ (8) =⇒ (9) =⇒ (10) =⇒ (3).
The implications (1) =⇒ (8) =⇒ (9) =⇒ (10) follow from Theorems A with
together with [15, Lemmas 5.2 and 6.2], and the implication (10) =⇒ (3) follows
from Theorem 1. 
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